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1. INTRODUCTION

Acoustic resonators are used for controlling acoustic vibrations in several machines such as
jet engines, rocket combustors, industrial furnaces, automobile engines and refrigerator
compressors [1, 2]. Moreover, the acoustic study of intake manifolds of internal
combustion engines is frequently carried out by means of a lumped element approach, in
which Helmholtz resonators represent single-cylinder engines, whereas multiple resonators
represent multi-cylinder engines [3, 4].

The basic physics of acoustic resonators have been well known for many years [5]. In
most cases the natural frequency and transmission loss (¹¸) of resonators are calculated by
using a lumped element model that holds when any characteristic dimension of the
resonator is much smaller than the wavelength. Since the lumped element model only
depends on the volume of the cavity, the area and length of ori"ce [6], it does not give any
information about the in#uence of the other geometrical properties of the resonator (e.g.,
the area and length of the cavity) on the acoustic behaviour of the device.

In recent years, several researchers have carried out interesting studies in order to
overcome the limitations of the lumped element approach and to take into account the
details of resonator geometry.

Chanaud [7, 8] following the approach of Rayleigh and others, proposed improved formulas
for calculating end corrections. His results showed the in#uence of ori"ce location and that the
natural frequency di!ers signi"cantly from the value calculated by using the lumped element
model both when the cavity is deep and when the cavity is very wide (pancake resonator). These
e!ects may be caused by the presence of the longitudinal and cross-modes of the cavity.

Selamet et al. [9] considered a series of concentric, cylindrical Helmholtz resonators
having a "xed volume and di!erent cavity length-to-diameter ratios. The natural
frequencies and the transmission losses were evaluated experimentally and were compared
with the results obtained from one-dimensional acoustic theory and with the results
obtained from a one-dimensional "nite di!erence numerical method. Good agreement
between the experimental and the calculated results was found for length-to-diameter ratios
greater than 1 (when the axial propagation is the most important).

In a later paper, Dickney and Selamet [10] studied resonators having small cavity
length-to-diameter ratios and pointed out the e!ect of radial propagation on the natural
frequency and transmission loss.

The recent introduction of self-tuning resonators [11], which are equipped with variable
volumes or variable ducts, increases the interest in determining resonator natural
frequencies with accuracy.
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Figure 1. Deep cavity and long neck resonators.
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In this paper, deep cavity and long neck resonators are considered where one of the axial
lengths is not signi"cantly smaller than the sound wavelength (see Figure 1). The axial
motion of the #uid inside a deep cavity and the non-uniform motion of the #uid along
a long neck are taken into account by means of linear or quadratic shape functions. In other
words, the deep cavity or the long neck are represented by a simple one-dimensional "nite
element.

Mathematical models of resonators having few degrees of freedom (d.o.f.) are developed
and analytical expressions of the natural frequencies and impedances are derived.
Calculated results are compared with predictions from one-dimensional acoustic theory
and with experimental results.

2. MATHEMATICAL MODEL

The mathematical model is developed according to the Lagrange approach and the
generalized co-ordinates represent the displacements of the #uid in several sections of the
neck and of the cavity.

The element of the resonator that is much smaller than the sound wavelength is modelled
by following the lumped element approach. A short neck has kinetic energy
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where c is the sound speed, <
i
the volume, A

i~1
the neck cross-section and x

i~1
the #uid

displacement at the outlet of the neck.
Both the inertia and the compressibility of the #uid are taken into account in the longer

element (deep cavity or long neck). The actual one-dimensional #uid motion is
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approximated by means of shape functions. If a linear shape function is used, the
displacement of the #uid (u) in a generic section of the element depends, in a linear way, on
the displacement at the inlet of the element (x

i
) and the displacement at the outlet of the

element (x
i`1

):
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The kinetic and potential energies of the element are calculated according to the equations
[13]
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If a quadratic shape function is used, the displacement of the #uid in a generic section of
an element depends, in a quadratic way, on the displacements at the inlet (x

i
), the middle

(x
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) and the outlet of the element (x
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The resulting kinetic and potential energies are
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The length of the neck is corrected with account taken of radiation-mass loading at the
inlet and outlet of the neck [12]: the correction is 0.6a if the end is un#anged and 0.85a if the
end is #anged, where a is the radius of the neck.

The total kinetic and potential energies of the resonators represented in Figure 1 are
calculated by adding the term of the shorter element and the terms of longer element. Then
the continuity equation is used to correlate the velocity at the outlet of the neck (xR

n
) with the

velocity at the inlet of the cavity (xR
c
):
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Since the initial displacements are assumed to be zero, if the continuity equation is
integrated, the following equation holds:
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The acoustic equations are derived by using the Lagrange method and have the form

[M]MxK N#[K]MxN"MFN, (13)

where [M] is the mass matrix, [K] the sti!ness matrix, MxN the displacement vector and MxK N
the acceleration vector. MFN is the generalized forces vector; it contains a non-zero term
which depends on pressure p (t) at the inlet of the neck.

The proposed method, like the classical one-dimensional acoustic theory, is well suited
for studying the steady state response of the acoustic system to a harmonic input. Moreover,
since the resonator is modelled as a simple multi-degree-of-freedom vibrating system, the
time-domain response of the resonator to a generic pressure input can be calculated with
standard techniques and in many cases an analytical solution is possible. This kind of
analysis is of particular interest in the "eld of engine simulation [4].

In this paper, equation (13) was solved analytically in the presence of a harmonic pressure
input p (t)"p

0
e*ut where p

0
is the pressure #uctuation amplitude and u the angular

frequency. Then the resonator impedance was calculated. The resonator impedance Z
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the ratio between input pressure and volume velocity xR
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where R
r
is the acoustic resistance and X

r
the acoustic reactance. In the present model,

which does not take energy dissipation into account, the resonator resistance is zero. The
calculated formulas for the acoustic impedances of the resonators are presented in the
following sections.

2.1. DEEP CAVITY RESONATOR

If a linear shape function is used to represent the #uid motion inside the cavity, the model
has only one d.o.f. since the cavity is closed and the displacement of the #uid at the inlet of
the cavity is related to the displacement in the neck according to the continuity equation.
Therefore, the acoustic equation is

1

3

(A
1
¸
2
#3A

2
¸

1
)oA

1
A

2

xK
1
#

oA2
1
c2

A
2
¸
2

x
1
"p (t)A

1
, (15)

and the resonator reactance is
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The frequency equation is given when the reactance is made equal to zero; the "rst natural
frequency is
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If a quadratic shape function is used, the model of the resonator has two d.o.f. and the "rst
two natural frequencies are predicted. The generalized co-ordinates are the displacements of
the #uid in the neck and middle of the cavity. The mass and sti!ness matrices can be found
in Appendix A. The resonator reactance is
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The frequency equation is obtained when the reactance is made equal to zero. It is
a standard biquadratic equation having analytical solutions that make it easier to carry out
a parametric analysis of resonator behaviour.

2.2. LONG NECK RESONATOR

When a linear shape function is used to represent the non-uniform #uid motion inside the
neck, the model has two d.o.f. The generalized co-ordinates are the displacement at the inlet
and outlet of the neck. The resonator reactance is given by
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The frequency equation is a standard biquadratic equation and has analytical solutions,
which are the "rst two natural frequencies of the resonator.

If the non uniform motion of the #uid inside the neck is represented by a parabolic shape
function, the resonator model has three d.o.f. and three natural frequencies can be predicted.
The third generalized co-ordinate is the #uid displacement at the middle of the neck. The
resonator reactance is given by
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(20)

In this case, the frequency equation, which is a third order algebraic equation in u2, can be
solved numerically.

3. COMPARISON WITH THE CLASSICAL ONE-DIMENSIONAL
ACOUSTIC THEORY

The transmission (¹¸) loss for a Helmholtz resonator attached to an in"nitely long pipe
with no mean #ow is given by [12, 13]
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Figure 2. Transmission loss of the deep cavity resonator; comparison with one-dimensional acoustics results:
* - - -*, equation (22); - - - -, linear; **, parabolic.
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where S is the pipe cross-section. If R
r
is assumed to be zero, the classical acoustic theory

gives the following expression for the transmission loss [9]:
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where k"u/c.
The transmission losses of the deep cavity and long neck resonators can also be

calculated by means of the proposed method, if the values of the acoustic reactances
presented in Sections 2.1 and 2.2 are put into equation (21).

Figure 2 deals with a deep cavity resonator; the cavity is 1 m long and has a square
cross-section (0)1]0)1 m), the neck has radius a"0)016 and is 0)05 m long. The ¹¸

predicted by the model, which is based on a linear shape function, is in good agreement with
the ¹¸ given by equation (22) as long as the forcing frequency is lower than the second
natural frequency. If the parabolic shape function is used, the agreement is good as long as
the forcing frequency is lower than the third natural frequency.

Figure 3 deals with a long neck resonator, the cavity is cube shaped (side 0)1 m), the neck
has radius a"0)016 m and is 1 m long. In this case there is good agreement between the ¹¸

given by the di!erent methods as long as the forcing frequency is lower than the second
natural frequency. When the forcing frequency is higher, the agreement is not as good,
because the two methods which are based on shape functions predict a value of the second
natural frequency that is 13% higher than the one predicted by the classical
one-dimensional acoustic theory.

4. EXPERIMENTAL APPARATUS

In order to compare the results given by the proposed method with experimental results,
an adjustable resonator was built. The cavity of the resonator has a square cross-section



Figure 3. Transmission loss of the long neck resonator; comparison with one-dimensional acoustics results:
* - - -*, equation (22); - - - -, linear; **, parabolic.
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(0)1]0)1 m) and an adjustable depth (minimum depth 0)02 m, maximum depth 1 m). The
resonator neck is made up of modular elements having circular cross-sections (a"0)016 m):
the shortest element is 0)01 m long and when all the elements are mounted, the neck is 1)2 m
long. There is no ba%e at the end of the neck. All resonator elements are made of Plexiglass.

The resonator's natural frequencies are measured by using two microphones,
a loudspeaker driven by a wave generator and a Fourier analyzer; the experimental method
is similar to the one proposed by Chanaud [8].

The resonator and the loudspeaker are placed in a reasonably sound absorptive room.
One microphone measures the sound pressure inside the resonator cavity and is inserted in
the wall opposite to the neck; the other microphone measures the sound pressure outside of
the resonator. The loudspeaker (driven by the wave generator) produces pure tones of
increasing frequency with a step of 0)25 Hz. A natural frequency is identi"ed when the
sound pressure measured inside the resonator cavity is much larger than the sound pressure
measured outside the resonator.

5. COMPARISON WITH EXPERIMENTAL RESULTS

In the "rst test the e!ect of cavity depth was considered and the length of the neck was
kept constant (0)05 m). The "rst natural frequency calculated by means of the proposed
method was compared to the experimental value and to the value calculated according to
the classical lumped element method [12] by using the equation
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Figure 4. First natural frequency of the deep cavity resonator; comparison with experimental results: j,
experimental; - - - -, linear; **, parabolic; * - - -*, equation (23).

Figure 5. Second natural frequency of the deep cavity resonator; comparison with experimental results: j,
experimental; **, parabolic.
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where the duct length is corrected with the inlet considered un#anged and the outlet
#anged.

Figure 4 shows that the "rst natural frequency decreases when the cavity depth increases.
The lumped element equation (23) overestimates the "rst natural frequency (maximum
error 18%). The model that is based on a linear shape function (one d.o.f. model) and the
model that is based on a parabolic shape function (two d.o.f. model) predict essentially the
same frequency. The agreement with experimental results is very good for all the values of
cavity depth and the maximum error (3%) takes place when the volume is cube shaped
(¸

2
"0)1 m). When ¸

2
"1 m, the "rst natural frequency is 48)25 Hz and the corresponding

wavelength (j) is about 7 m; hence, the e!ect of cavity length is important when ¸
2
/j'1/10.

The two d.o.f. model makes it possible to predict the second natural frequency of the
resonator. Figure 5 shows that the second natural frequency also decreases with the cavity
depth and that the proposed method estimates this frequency with good accuracy
(maximum error+2%).



Figure 6. First natural frequency of the long neck resonator; comparison with experimental results: j,
experimental; - - - -, linear; **, parabolic; * - - -* equation (23).

Figure 7. Second natural frequency of the long neck resonator; comparison with experimental results: j,
experimental; - - - -, linear; **, parabolic.
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In the second test, the neck length was varied in the range 0)1}1 m and the cavity volume
was kept constant (cube-shaped cavity with the side 0)1 m long). Figure 6 shows that the
lumped element equation (23) overestimates the "rst natural frequency, which decreases
when the neck length increases; with ¸

1
"1 m the error is about 13%. The proposed

method, which models the #uid motion inside the neck by means of shape functions, shows
smaller errors when neck length increases; the error is less than 2% when the neck is long. It
is interesting to highlight that, when ¸

1
"1 m, the "rst natural frequency is 42)5 Hz and the

corresponding wavelength (j) is about 8 m; hence, the e!ect of non uniform velocity
distribution along the neck is already important when ¸

1
/j'1/10.

The second natural frequency may be calculated by using both the two d.o.f. model (linear
shape function) and the three d.o.f. model (parabolic shape function). Figure 7 shows the
comparison between the calculated values and the experimental values, in this case the error
is about 12% both when the duct is short and when the duct is long.
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6. CONCLUSIONS

Deep cavity and long neck resonators can be modelled as simple multi-degree-of-freedom
vibrating systems if the #uid motion inside the longer element is simulated by means of
a shape function.

The calculated reactances are ratios between polynomials; hence, the frequency equations
are simple algebraic equations, whereas the classical one-dimensional acoustic theory leads
to trigonometric frequency equations.

The comparison with experimental results showed that both the model based on a linear
shape function and the one based on a parabolic shape function predicted the "rst natural
frequency of the resonator with good accuracy. The models with two or more d.o.f. also
gave a good estimate of the second natural frequency of the resonator.
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APPENDIX A

Matrices of the deep cavity resonator, two d.o.f. model:
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Matrices of the long neck resonator, two d.o.f. model:
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Matrices of the long neck resonator, three d.o.f. model:
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